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relation, and then the GND density underneath the indenter is estimated. Based on the Taylor dislocation
model and Tabor formula, a simple model for the dependence of the nano-indentation hardness of the
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showing a good agreement with the present numerical results.
 2010 Published by Elsevier Ltd.1. Introduction
With rapid advances in micro-fabrication, the dominant size of
many micro-electromechanical systems and devices is reduced to
the micron and sub-micron scale by the extensive use of thin ﬁlm
materials. In these applications, a thorough understanding of thin
ﬁlm mechanical properties is very essential for successful safety
design and reliability assessment of micro-systems or micro-
devices.
In the past twenty years, a series of micro-experiments, such as
micro-bend (Stölken and Evans, 1998), micro-tension (Espinosa
et al., 2003), bulge test (Vlassak and Nix, 1992), micro-indentation
(Nix, 1989) and other techniques (Voyiadjis and Deliktas, 2009),
have been elaborately designed to measure the mechanical proper-
ties of thin ﬁlms, either freestanding or bonded to a substrate. Com-
pared with other micro-experiments, micro-indentation test
instruments are relatively easily available and thus are extensively
adopted to measure some basic mechanical properties of thin ﬁlms
(Nix, 1989; Zhao et al., 2007, 2008; Voyiadjis and Deliktas, 2009).
However, a series of studies indicated that the factors inﬂuencing
the indentation size effects are quite complex, not only depending
on the indenter geometry (shape and size) (Swadener et al., 2001,
2002; Xue et al., 2002) but also on the ﬁlmmaterial properties (softElsevier Ltd.
ics, Huazhong University of
+86 27 87543501.or hard) (Saha et al., 2001; Saha and Nix, 2002). In particular, when
measuring the nano/micro-indentation hardness of thin ﬁlms with
the thickness of only several microns or dozens of nanometers,
strong constraint to the dislocation glide in thin ﬁlm from elastic
substrate must be considered (Joslin and Oliver, 1990; Saha et al.,
2001; Saha and Nix, 2002; Chen et al., 2007). The indentation of thin
ﬁlmsusually displays verydifferentbehaviors frombulkmetals; as a
result, it is extremely difﬁcult tomeasure themechanical properties
of ﬁlmmaterials (Chen et al., 2005, 2007). Some people argued that
inﬂuences from the substrate can be ignored when the indentation
depth is less than one tenth of the thin ﬁlm thickness (Buckle,
1973); however, others claimed that this empirical rule is not always
valid even for a hard ﬁlmon a soft substrate (Pelletier et al., 2006). In
fact, it is very difﬁcult to insure that the indentation depth is always
less than one tenth of the ﬁlm thickness especially when the thick-
ness of the thin ﬁlm is on the sub-micron or nanometer order (Xu
and Rowcliffe, 2004; Chen et al., 2005, 2007). Therefore, when
employing nano/micro-indentation experiments to measure the
mechanical properties of thinﬁlmswithmicronor nanometer thick-
ness, many problems are still open for solutions (Oliver and Pharr,
2004).
In addition to nano-indentation experiments, numerical simula-
tion has also been extensively adopted to address the above-men-
tioned problems. Finite element methods based on the scale-
dependent continuum plasticity (Chen et al., 2007; Zhang et al.,
2007; Fredriksson and Larsson, 2008) and molecular dynamics
methods (Bolesta and Fomin, 2009) have been developed to model
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crete dislocation dynamics (DDD) is also an efﬁcient numerical tool
to capture the size effect induced by multi-mechanisms (strain
gradient or non-strain gradient mechanism) at the intermediate
length scale between the atomic scale and the continuum plasticity
scale (Van der Giessen and Needleman, 1995; Groh and Zbib,
2009). Kreuzer and Pippan (2007) carefully analyzed the inﬂuence
of the orientation of predeﬁned slip bands on the indentation size
effect. Balint et al. (2006) carried out a 2D-DDD modeling of inden-
tation of a single crystal ﬁlm bonded on a rigid substrate by a rigid
wedge indenter, showing signiﬁcant inﬂuences of ﬁlm thickness on
the transition from size-dependent hardness to size-independent
continuum hardness. Widjaja et al. systematically modeled the
wedge indentation on a single crystal material (Widjaja et al.,
2007a) and a polycrystalline material (Widjaja et al., 2007b), inves-
tigated the size effects from indenter depth, wedge angle, as well
as grain size. However, it is well known that the indenter tip in ac-
tual experiments is usually curved. To consider the effect of the tip
curvature, Widjaja et al. (2005, 2007c) further analyzed the inden-
tation of a planar single crystal by a cylindrical rigid indenter to
gain insight into the indentation size effect, with an especial
emphasis on the inﬂuence of the density of dislocation sources
on indentation size effect. Ouyang et al. (2008) further reported a
two-dimensional simulation of the nano-indentation in polycrys-
tals using a cylindrical indenter, and revealed strong dependence
of the indentation hardness on the indenter radius, grain size,
indentation depth, and the distance between the grain boundary
and the indenter. These works are helpful to understand disloca-
tion mechanisms and intricate size effects of nano/micro-indenta-
tion. However, these simulations associated with cylindrical
indenter do not consider the effects on indentation hardness from
another important scale-ﬁlm thickness.
In addition, a series of theoretical analysis have been carried out
to depict the nano/micro-indentation hardness of ﬁlm/substrate
systems (Saha et al., 2001; Saha and Nix, 2002) and bulk materials
(Nix and Gao, 1998; Swadener et al., 2001, 2002; Abu Al-Rub,
2007). Based on the assumption that all geometrically necessary
dislocation loops injected by a rigid sharp conical indenter reside
uniformly within a hemispherical volume scaled with the contact
diameter, Nix and Gao (1998) derived a simple model linearly
relating the square of micro-indentation hardness H2 to the reci-
procal of indentation depth h. Recent experiments show that this
model is true for most of micro-indentation hardness data (Ma
and Clarke, 1995; McElhaney et al., 1998) but overestimates the
nano-indentation hardness (Lim and Chaudhri, 1999; Liu and
Ngan, 2001; Feng and Nix, 2004; Elmustafa and Stone, 2002). There
may be several causes contributing to this gap between the model
prediction and experimental results for nano-indentation (Qiu
et al., 2001; Elmustafa et al., 2004; Zhang et al., 2004), of which
an overestimation of the GND density or strain gradient under-
neath the indenter may be the most signiﬁcant one (Feng and
Nix, 2004; Durst et al., 2006; Huang et al., 2006, 2007; Qin et al.,
2009). Based on this viewpoint, two effective measures have been
suggested to correct this overestimation of GND densities or strain
gradients. One is to consider the actually existing indenter tip ra-
dius (Swadener et al., 2001, 2002; Qu et al., 2006); the other is to
properly enlarge the storage volume for GNDs (Feng and Nix,
2004; Durst et al., 2006). Although these modiﬁed models give sat-
isfactory agreement with the experimental data of nano-indenta-
tion hardness, the average GND density below the nano-indenter
is unphysically high when the indentation depth is very shallow
or the indenter radius is very small (Huang et al., 2006, 2007;
Qin et al., 2009). For this reason, Huang et al. introduced the max-
imum allowable GND density to cap the excessively high GND den-
sity underneath the tip indenter (Huang et al., 2006) and the
spherical indenter (Huang et al., 2007; Qin et al., 2009). As theyshowed, this remedy gives good agreement with micro-indenta-
tion hardness as well as nano-indentation hardness for both the
tip indenter and the spherical indenter (Huang et al., 2006, 2007;
Qin et al., 2009). As is well known, all models mentioned above
are based on the classical Taylor relation s ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃqSSD þ qGNDp , where
the hardening law was taken as a simple linear sum of the SSD den-
sity qSSD and GND density qGND. Abu Al-Rub and Voyiadjis (2004)
ascribed the aforementioned overestimation of nano-indentation
hardness to this simple linear coupling, and suggested a nonlinear
coupling between qSSD and qGND (i.e. s ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qbSSD þ qbGNDb
q
), to improve
the model prediction of nano-indentation hardness for sharp ind-
enters as well as spherical indenters. Comparison between model
prediction and the measured nano-indentation hardness data
showed that their model can successfully predict the nano-/mi-
cro-hardness data for spherical and pyramidal indenters. Obvi-
ously, although these methods are different, the central idea is to
depict rationally the hardening law of the materials underneath
the nano-indenter. Two measures are taken to do this. One is to
estimate rationally the GND density (Feng and Nix, 2004; Durst
et al., 2006; Huang et al., 2006, 2007; Qin et al., 2009) and the other
is to consider rationally the complex interaction between the GNDs
and SSDs (Abu Al-Rub and Voyiadjis, 2004). For the metal ﬁlm-
elastic substrate system, due to strong constraint to dislocation
glide from the pure elastic substrate, the GND distribution zone
in thin ﬁlms is signiﬁcantly different from that in bulk materials,
so correctly determining the GND distribution zone and reliably
estimating the GND density in the thin ﬁlm are of vital importance
for the development of a rational model to predict the nano-inden-
tation hardness. To the best of our knowledge, this question is still
open. This motivates us to carry out the present 2D discrete dislo-
cation plasticity (DDP) analysis of cylindrical nano-indentation on
metal ﬁlm/elastic substrate systems, with a focus on two key
points, i.e. the GND storage volume and the GND density. Based
on these, a simple model for the nano-indentation size effect is
suggested, which correlates the nano-indentation hardness with
the indenter radius, indentation depth and thin ﬁlm thickness.
2. Computational method and model
Fig. 1 illustrates the essential details of the computational mod-
el, which mainly consists of three parts, i.e. a cylindrical indenter, a
metal thin ﬁlm and a ﬁnite but large enough elastic substrate with
length L1 = 1000 lm and width L2 = 500 lm. For convenience, the
origin of the coordinate system is located at the center of the upper
surface of the thin ﬁlm.
For the sake of simplicity, only 2D plane strain is considered, and
the metal ﬁlm is assumed to be perfectly bonded to the substrate.
The metal ﬁlm is assumed to be elasto-plastic and the substrate
purely elastic, but they possess the same elastic constants with
Young’s module E = 70 GPa and the Poisson’s ratio v = 0.3. As is well
known, the plastic deformation of the metal generally roots in the
collective motion and the dynamic evolution of dislocations. Based
on this fundamental knowledge, in the DDP framework, the plastic
deformation of the metal can be modeled by dynamically tracking
the motion and evolution of individual dislocations. To model the
plastic deformation within the ﬁlm, some potentially activated slip
planes with a speciﬁed separation distance are pre-arranged within
the ﬁlm and some dislocation sources are randomly dispersed on
these potential slip planes. Under enough resolved shear stress,
some dislocations can nucleate from these dislocation sources and
glide on their own slip plane; as a result, the plastic deformation oc-
curs. Therefore, the soul of DDP lies in how to track dynamically the
motion and evolution of individual dislocations as mentioned be-
low.Widjaja et al. (2005) performed 2D-DD calculations of indenta-
tion of a single crystal by a circular rigid indenter, where three slip
Fig. 1. Sketch of computational model for cylindrical indentation on ﬁlm/substrate system.
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sidered. Their results indicated that ‘‘the step in the surface proﬁle
due to localized slip on a 90 slip plane” (Widjaja et al., 2005). On
the other hand, since the slip planes in a direction parallel to the cyl-
inder loading direction have major contributions to the geometri-
cally necessary dislocations (GNDs), only single slip system
oriented at 90 from the free surface is considered in our model for
simpliﬁcation. Themagnitude of the Burgers vector is typically cho-
sen as b = 0.25 nm and the distance between two adjacent poten-
tially activated slip planes is typically set to be 100b. No initial
dislocations exist in the ﬁlmbut some Frank–Read sourceswith a gi-
ven source density qsou = 240 lm2 randomly distribute on poten-
tially activated slip planes. Such high dislocation source density is
adopted mainly for the following reasons. In our computation, only
the nano-indentation of cylindrical indenter is modeled. The inden-
tation-affected zone under the indenter is such small that only few
dislocations can nucleate and glide there if a relatively lower dislo-
cation source density is given. As a result, the randomicity of the
computed indentation force and hardness increases largely, render-
ing great difﬁculty in analysis of computational results. Indeed, the
dislocation source density of qsou = 240 lm2 is much higher than
what has been frequently used in the previous DDD simulations of
indentation (Widjaja et al., 2007c) but still substantially below the
densities used by Kreuzer and Pippan (2004, 2007).
During initial phase of indenting, due to the lack of dislocations,
the stress and strain ﬁelds in the ﬁlm and elastic substrate can be
easily solved by the linearly elastic ﬁnite element method. With
the increase of indentation depth, two opposite-signed dislocations
with a critical interval of 6b nucleate from the Frank–Read source
once the resolved shear stress s acting on the Frank–Read source
goes beyond the critical nucleation strength snuc. Here snuc is typi-
cally assumed to follow a Gaussian distribution with an average
snuc ¼ 50 MPa and a standard deviation s = 1 MPa. Once dislocations
appear in the thin ﬁlm, the singular elastic ﬁeld of dislocations
should be considered. Theoretically speaking, the total deformation
ﬁeld (u,e,r) in the thin ﬁlm should be the superposition of the
smooth image ﬁeld ðu^; e^; r^Þ induced by the model boundary condi-
tion and the singular ﬁeld ð~u; ~e; ~rÞ induced by individual disloca-
tions, as suggested by Van der Giessen and Needleman (1995):
u ¼ u^þ ~u; e ¼ e^þ ~e; r ¼ r^þ ~r: ð1Þ
As is well known, dislocation can be considered as a typical line
defect. Therefore, its evolution is ﬁrmly controlled by the so-called
conﬁgurational force or Peach–Koehler force (Van der Giessen and
Needleman, 1995).f ðJÞ ¼ mðJÞ  r^þ
X
K–J
rðKÞ
 !
 bðJÞ; ð2Þ
where r(K) is the contribution from the dislocation K to the Peach–
Koehler force f(J) acting on the dislocation J, b(J) is the Burgers vector
of dislocation J; and m(J) is the normal vector of the slip plane on
which the dislocation J is located.
Besides, a series of dislocation short-range interactions are also
considered, such as dislocation annihilation between two oppo-
site-signed dislocations. A slip step is left at the surface of the ﬁlm
when a dislocation slips out of it. On the other hand, dislocations
pile up when they approach the interface between the ﬁlm and
the substrate. Within each loading increment, a dislocation stops
at its equilibrium position if the Peach–Koehler force f acting on
it is less than the lattice friction sf approximatively set as 2 MPa
(Olmsted et al., 2001). Only when all dislocations stop in their
respective equilibrium positions, is a new loading increment ap-
plied and the indenter continues to move down until it reaches
the required indentation depth. More details can be found from
the literature (Van der Giessen and Needleman, 1995; Widjaja
et al., 2005, 2007a,b,c; Balint et al., 2006; Kreuzer and Pippan,
2007; Ouyang et al., 2008).
Since plastic ﬂow is mainly conﬁned to the thin ﬁlm, the dis-
placement conditions on the lower, left and right boundaries of
the computational model can be assumed as:
_u1 ¼ _u2 ¼ 0; on x1 ¼ L1=2 and x2 ¼ L2: ð3Þ
At the upper surface of the thin ﬁlm, the portion not in contact with
the indenter is traction free:
_T1 ¼ _T2 ¼ 0 on x2 ¼ 0 R SC ; ð4Þ
where Ti = rijnj is the traction on the surfacewith an outward normal
nj and SC is the contact area between the indenter and the ﬁlm. La-
grange contact algorithm provided by ANSYS is used to deal with
dynamic contact between the cylindrical indenter and the thin ﬁlm.
In all calculations, the loading is applied with a controlled in-
denter displacement of Dd = 0.05 nm in each time step.
The indentation force applied on the indenter is calculated by
F ¼ 
Z
Sc
T2ðx2;hÞdx1: ð5Þ
The relation between the indentation hardness and the indenta-
tion force can be expressed as:
H ¼ F=ac; ð6Þ
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ent 2D case) between the indenter and the ﬁlm, which takes into ac-
count roughening of the top surface after the dislocations have left
the materials as shown in Fig. 5. In order to accurately capture the
contact width ac, the ﬁnite element meshes are reﬁned at the zone
underneath the indenter and the minimal mesh size is about
0.006 lm.
The computational ﬂow chart adopted is given as follows:Dislocate sources
Generate a pair
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source 3. Results and discussions
The indentation force F and hardness H are plotted as functions
of the indentation depth h in Fig. 2(a) and (b), respectively, for ﬁve
thin ﬁlm thicknesses, where the cylindrical indenter radius is typ-
ically taken as R = 2 lm. It can be clearly seen from Fig. 2(a) and (b)
that the indentation force F and hardness H strongly depend on the
ﬁlm thickness L, especially when h is large, say h > 0.03 lm, and the distribution 
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Fig. 2. Inﬂuences of ﬁlm thickness on (a) F–h curves and (b) H–h curves for given indenter radius R = 2.0 lm.
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to two main reasons. First, in thin ﬁlms, nucleated dislocations
can be more easily blocked and pile up at the ﬁlm-substrate inter-
face. With more and more dislocations piling up at the ﬁlm-sub-
strate interface, back stress from these dislocation pile-ups
imposes strong reaction against subsequent dislocation nucleating
and dislocation gliding, and the result is that the plastic deforma-
tion becomes more andmore difﬁcult. Second, when the ﬁlm thick-
ness is small, the number of dislocation sources underneath the
indenter is relatively small, so plastic deformation can hardly oc-
cur. Therefore, plastic deformation becomes more and more difﬁ-
cult with the decrease of ﬁlm thickness, and to accommodate the
applied indentation depth, a higher indentation force F is required;
as a result, the indentation hardness H clearly increases. In addi-
tion, it can be seen from Fig. 2(a) and (b) that the indentation force
F and hardness H are almost independent of the ﬁlm thicknessL when the indentation depth h is small, say h < 0.01 lm. With
the indentation depth gradually increasing, the inﬂuence of the
thin ﬁlm thickness L on the indentation force F and hardness H be-
comes more and more strong. It deserves to be especially noted
that the F–h curves begin to leave each other at h  0.01 lm 6 L/
10 for two thinner ﬁlms with thickness L = 1 lm, 2 lm and at
h  0.03 lm 6 L/10 for thicker ﬁlms with thickness LP 4 lm. It
follows that for all thin ﬁlm thicknesses considered, as long as plas-
tic deformation occurs, the indentation force F and hardness H
strongly depend on the thin ﬁlm thickness L even when h < L/10.
Obviously, the well-known empirical rule for ﬁlm hardness mea-
surement, which says that the indentation depth should be smaller
than one tenth of the ﬁlm thickness to avoid substrate effects,
seems unsuitable. This conclusion is consistent with results in pub-
lished literatures (Chen et al., 2005, 2007; Pelletier et al., 2006; Xu
and Rowcliffe, 2004)).
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iation of the actual contact width ac between the ﬁlm and the in-
denter with an indentation depth h, for one randomly chosen
indenter radius of R = 2 lm. It is clearly seen that there are some
steps in all plastic ac–h curves, indicating that intermittent contact
happens between the indenter and the ﬁlm due to more slip steps
appearing on the contact interface. In addition, once plastic defor-
mation happens in the thin ﬁlm (corresponding to h > 0.006 lm),
the inﬂuence of the thin ﬁlm thickness L on the actual contact
width ac becomes stronger and stronger with the increase of the
indentation depth h.
In order to clearly understand the underlying mechanism lead-
ing to the results mentioned above, Fig. 4 depicts the dislocation
pattern and distribution of the slip quantity C = jc/=90j = jsieijmjj
in the ﬁlms with different thicknesses, here si and mj are the tan-
gential and normal vectors of the slip system /, respectively. In
thinner ﬁlms like L = 1.0 lm shown in Fig. 4(a), due to strong
obstacle from the ﬁlm-substrate interface, some dislocations pile
up at the ﬁlm-substrate interface and impose strong reaction to
dislocation sources and moving dislocations; on the other hand,
the dislocation mean slip path is shorter in thinner ﬁlms, so plastic
deformation is more hardly to occur. To accommodate the applied
indentation depth, some dislocations must nucleate from those
sources on those slip planes far from the central plane of the inden-
ter. This means that dislocations in the thinner ﬁlm are distributed
in a relatively dispersed manner. As a result, more but shallower
slip steps occur on the surface of thinner ﬁlms, and the curvature
of indentation is relatively smaller. However, in thicker ﬁlms like
L = 8.0 lm shown in Fig. 4(d), since the mean slip path of disloca-
tions is longer and the constraint from the ﬁlm-substrate interface
is relatively weaker than those in thinner ﬁlms, almost all disloca-
tions are distributed within a band zone underneath the indenter
and almost no dislocations nucleate and glide on those slip planes
far from the indenter central plane. Due to relatively highly cen-
tralized slip in the thicker ﬁlm, the number of activated slip planes
is smaller but the slip quantity is relatively larger. Compared with
the slip step and the curvature of indentation on the surface of
thinner ﬁlms, the slip steps present on the surface of thicker ﬁlms
is relatively deeper and the curvature of indentation is relatively
larger. As a result, at the same indentation depth, the width (i.e.h(μ
a c
( μ
m
)
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Fig. 3. Inﬂuences of ﬁlm thickness on ac–h curves for given indenter radilength for the present 2D case) of the contact area between inden-
tation and the ﬁlm for thinner ﬁlms is shorter than that for thicker
ﬁlms as shown in Fig. 4 and sketched in Fig. 5. Careful examination
of dislocation distribution patterns in thinner ﬁlms as shown in
Fig. 4(a) indicates that, although some dislocations are distributed
on those slip planes far from the central plane of the indenter, most
of them are opposite-signed dislocation pairs and only few GND
are present, i.e., most of GNDs still reside within a rectangular area
right below the indentation. By careful comparison of Fig. 4(a)–(d),
it can be seen that, for the same indenter radius and at the same
indentation depth, most of GNDs are located right below the
indentation and reside within a rectangular area with length ac
and width L for both thinner ﬁlms and thicker ﬁlms.
Based on the discussions above, it can be seen that nano-inden-
tation hardness strongly depends on the ﬁlm thickness. As pointed
out by Swadener et al. (2001, 2002), hardness depends on the
diameter of the indenter rather than on the depth of the indenta-
tion for the spherical indenter. In order to measure conveniently
the nano-indentation hardness of ﬁlm-substrate systems, it is nec-
essary to establish a simple model which includes indentation size
effects and relates indentation hardness H to the ﬁlm thickness L,
indenter radius R and contact width ac. The central issue is how
to rationally estimate the GND density qGND, which is closely re-
lated to the number of GNDs (NGND) and the area of the GND distri-
bution zone (AGND). At present, there still exist some disagreements
on this issue (Nix and Gao, 1998; Swadener et al., 2001, 2002; Feng
and Nix, 2004; Abu Al-Rub and Voyiadjis, 2004; Durst et al., 2006;
Huang et al., 2006, 2007; Qin et al., 2009).
Considering the assumption of Nix–Gao model that all GNDs are
stored in a hemisphere of radius ac does not hold in nano-indenta-
tion, some models were suggested to extend storage volume for
GNDs (Feng and Nix, 2004; Huang et al., 2006, 2007). For the pres-
ent nano-indentation of the ﬁlm-substrate system by a circular ri-
gid indenter, as shown in Fig. 4, most of GNDs reside in a
rectangular zone with length ac and width L, which is larger than
a hemispherical zone with a diameter ac assumed by Nix and
Gao (1998) for the micro-indentation of a bulk material by a wedge
indenter. Hence, the area of the GND distribution zone can be
approximately expressed as:
AGND ¼ acL: ð7Þm)
0.03 0.04 0.05
us R = 2.0 lm, where the curve for pure elastic indentation is given.
C. Ouyang et al. / International Journal of Solids and Structures 47 (2010) 3103–3114 3109Similar to Nix and Gao (1998) and Swadener et al. (2001, 2002), the
number of GNDs can be formulated as:
NGND ¼ 2hcb ¼
a2c
Rb
; ð8Þ
where hc is the actual indentation depth corresponding to the actual
contact width ac. The present calculations show that Eq. (8) can giveFig. 5. Sketch for correlation between the slip steps on ﬁlm surface and the diam
Fig. 4. Dislocation pattern and distribution slip quantity C in the ﬁlm with different
indentation depth h = 0.05 lm.a satisfactory estimation of the number of GNDs underneath the
indenters with various radii.
According to Eqs. (7) and (8), for the present 2D cases, the GND
density qGND underneath the indenter can be further approximated
as:
qGND ¼
NGND
AGND
¼ ac
RLb
: ð9Þeter of actual contact area for thin ﬁlm (solid line) and thick ﬁlm (dash line).
thicknesses: (a) L = 1.0 lm; (b) L = 2.0 lm; (c) L = 4.0 lm; (d) L = 8 lm at given
3110 C. Ouyang et al. / International Journal of Solids and Structures 47 (2010) 3103–3114As we know, the force between two parallel dislocations can be
written as s = blb/(2pd), where d is the averaged distance between
two dislocations. Although the dislocation spacing in a pile up is not
uniform and the spacing between slip planes is not the same as the
spacing between dislocations on slip planes within the rectangular
indentation-affected zone, we can approximately assume d / ﬃﬃﬃqp .
Therefore, s / blb ﬃﬃﬃqp =ð2pÞ ¼ alb ﬃﬃﬃqp , which is similar in form to
the Taylor relation. Generally speaking, the Taylor relation is suit-
able for forest hardening. Here, it is borrowed to describe approxi-
matively long-range hardening between parallel dislocations.
Substituting Eq. (9) into the s ¼ alb ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃqSSD þ rqGNDp and Tabor
formula H  3r ¼ 3
ﬃﬃﬃ
3
p
s yields
H ¼ H0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ t ac
RL
r
; ð10Þ
where qSSD is the density of statistically stored dislocations,
t ¼ r=ðbqSSDÞ;r is the Nye factor (Arsenlis and Parks, 1999) and
H0 ¼ 3
ﬃﬃﬃ
3
p
alb ﬃﬃﬃﬃﬃﬃﬃﬃﬃqSSDp .Fig. 6. The variations of the square of indentatIn order to conﬁrm whether Eq. (10) can rationally describe the
size effect of nano-indentation hardness in different cases, we con-
sider ﬁve indenter radii R = 2, 4, 6, 8, 12 lm, ﬁve ﬁlm thicknesses
L = 1, 2, 4, 6, 8 lm, and three random distributions of dislocation
sources in each case. For all the considered cases, the variations
of H2 with ac/R and ac/L are plotted in Fig. 6(a) and (b), respectively.
It is clear at a glance of Fig. 6(a) and (b) that H2 indeed linearly
depends on ac/R and ac/L, with H0  0.134–0.155 GPa and t* 
100 lm, indicting that Eq. (10) can satisfactorily depict the depen-
dence of nano-indentation hardness H on the thin ﬁlm thickness L,
ﬁlm/indenter contact width ac and indenter radius R.
Due to the difﬁculty in experimentally measuring the actual
ﬁlm/indenter contact width ac, it is necessary to establish a rela-
tionship between the contact width ac and the thin ﬁlm thickness
L, indenter radius R and indentation depth h. For this purpose, the
variations of ac with R and L are plotted in Fig. 7(a) and (b), respec-
tively. From Fig. 7(a) and (b), it can be seen that all computed data
points can be well ﬁtted by an exponential function ac = ARaLb asion hardness H2 with (a) ac/R and (b) ac/L.
Fig. 7. The variations of actual contact diameter ac with (a) indenter radius R and
(b) ﬁlm thickness L.
C. Ouyang et al. / International Journal of Solids and Structures 47 (2010) 3103–3114 3111shown by the ﬁtted curves. On the other hand, for simple pure
elastic indentation on the present ﬁlm-substrate system, the actual
contact width ac can be related to the indenter radius R and inden-
tation depth h. For this purpose, we perform a pure elastic inden-
tation simulation of the elastic ﬁlm-elastic substrate system. Our
simulation shows that for pure elastic indentation, the contact
width ac can be well ﬁtted by aec ¼ 2c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rh=2p
p
with c = 1.1, as
shown in Fig. 8. Based on an overall consideration of pure elastic
and elasto-plastic indentation results as shown in Figs. 7 and 8,
we assume that the actual ﬁlm/indenter contact width ac can be
approximated as:
ac ¼ 2c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rh=2p
q L
L0
 b
¼ 2:2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rh=2p
q L
L0
 b
; ð11Þ
where L0 is a reference length. Obviously, when L? L0,
ac ! aec ¼ 2:2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rh=2p
p
. In the following, L0  0.062 lm is a good ﬁt-
ted value for all cases considered. This seems reasonable since when
the ﬁlm thickness L? L0  0.062 lm, it is difﬁcult for dislocations
to nucleate and glide in the ﬁlm due to strong constraints fromthe elastic substrate and indenter; as a result, only elastic deforma-
tion can happen, and ac ! aec ¼ 2:2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rh=2p
p
. Therefore, Eq. (10) can
be further written as:
ac ¼ 2c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rh=2p
p
L
L0
 b
LP L0;
2c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rh=2p
p
; L < L0:
8<
: ð12Þ
In order to calibrate the unknown parameters b and L0, we take log-
arithms on both sides of Eq. (11) to obtain
ln
ac
2:2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rh=2p
p
 !
¼ b lnðLÞ  b lnðL0Þ: ð13Þ
Obviously, if Eq. (11) is reasonable, ln ac
2:2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rh=2p
p
 
should be a linear
function of ln(L), with a slope b and an intercept  b ln(L0). For all
considered cases, including three indentation depths h = 0.03, 0.04,
0.05 lm, ﬁve indenter radii R = 2, 4, 6, 8, 12 lm, ﬁve thin ﬁlm thick-
nesses L = 1, 2, 4, 6, 8 lm and their combinations, the variations of
ln ac
2:2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rh=2p
p
 
with ln(L) are plotted in Fig. 9. As expected, a linear
relation can be used to ﬁt computed data points, with a slope
b  0.18 and an intercept bln(L0)  0.46 (i.e. L0  0.062 lm).
Substituting Eq. (11) into Eq. (10) yields
H ¼ H0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 2:2t

L
ﬃﬃﬃﬃﬃﬃ
1
2p
r ﬃﬃﬃ
h
R
r
L
L0
 bs
L > L0; ð14aÞ
or
H
H0
 2
¼ 1þ 2:2t

L
ﬃﬃﬃﬃﬃﬃ
1
2p
r ﬃﬃﬃ
h
R
r
L
L0
 b
L > L0: ð14bÞ
Obviously, for the cylindrical nano-indentation on ﬁlm/substrate
systems, the present empirical model suggests that nano-indenta-
tion hardness H increases with the decrease of the indenter radius
R and ﬁlm thickness L, but decreases with the decrease of the inden-
tation depth h. This ‘‘reverse” size dependence of H on indentation
depth h seems abnormal, but is consistent with the indentation size
effect for spherical indenters (Swadener et al., 2001, 2002).
In order to further validate the present empirical model, the
square of the nano-hardness H2 at an indentation depth
h = 0.05 lm is plotted as a function of 1=
ﬃﬃﬃ
R
p
and 1/L1b(b = 0.18)
in Fig. 10(a) and (b), respectively. Clearly, H2 indeed is linearly
dependent on 1=
ﬃﬃﬃ
R
p
and 1/L1b with the same H0, t* and h as ﬁtted
values in Fig. 6, i.e. H0  0.134–0.155 GPa and t *  100 lm. This
means that the present empirical model (14) can well depict the
dependence of the indentation hardness H on the indenter radius
R, indentation depth h and thin ﬁlm thickness L.
4. Conclusions and concise remarks
In the present manuscript, the two-dimensional discrete dislo-
cation plasticity by Van der Giessen–Needleman and the commer-
cial ﬁnite element software ANSYS are jointly used to analyze
cylindrical nano-indentation on metal ﬁlm/elastic substrate sys-
tems, with a focus on the nano-indentation size effect and under-
lying dislocation mechanisms. From our calculations, some results
are obtained as follows:
(1) Due to strong constraint from the elastic substrate, at the
same indentation depth h, the indentation force F signiﬁ-
cantly increases with the decrease of the thin ﬁlm thickness.
Even when the indentation depth is smaller than one tenth
of the thin ﬁlm thickness i.e. h < L/10, the thickness L of
the thin ﬁlm still strongly inﬂuences the indentation force
F, indicating the constraint from the elastic thin ﬁlm still
cannot be ignored.
Fig. 8. The inﬂuence of indenter radius R on the dependence of elastic contact width aec on elastic indentation depth h.
Fig. 9. The dependence of ln½ac=ð2:2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rh=2p
p
Þ on ln (L).
3112 C. Ouyang et al. / International Journal of Solids and Structures 47 (2010) 3103–3114(2) Dislocation distribution underneath the indenter closely
depends on the thin ﬁlm thickness. In thinner ﬁlms, in order
to accommodate the applied indentation depth, some dislo-
cations must nucleate and glide on those slip planes far from
the central plane of the indenter; however, in thicker ﬁlms,
almost all dislocations nucleate and glide within a rectangu-
lar zone underneath the indenter. For both thin and thick
ﬁlms, most of the geometrically necessary dislocations
reside within a rectangular zone with an area AGND = acL,
which is different from the assumption that all GNDs are
stored in a hemispheroidal or semicircular zone (Swadener
et al., 2001, 2002; Nix and Gao, 1998).(3) Nano-indentation hardness not only depends on the inden-
tation depth and indenter radius but also on the ﬁlm thick-
ness. A simple empirical model is proposed, which suggests
a linear dependence of the square of the micro-hardness (H2)
on the square root of the ratio of the indentation depth to
the indenter radius ð
ﬃﬃﬃﬃﬃﬃﬃﬃ
h=R
p
Þ and an exponential dependence
on the thin ﬁlm thickness (L).
It should be pointed out, however, that in this contribution, only
two-dimensional cases of plane strain are considered. Without any
doubt, it is meaningful to extend the present analysis and model to
more general three-dimensional cases. On the other hand,
Fig. 10. Comparisons between model prediction and computing results for the variations of the square of indentation hardness H2 with (a) 1=
ﬃﬃﬃ
R
p
and (b) 1/L(1b) with b = 0.18.
C. Ouyang et al. / International Journal of Solids and Structures 47 (2010) 3103–3114 3113although two or three slip systems also can be considered, only a
simple single slip system is considered for simplicity. In addition,
the elastic properties of the thin ﬁlm and the substrate are taken
as the same. In fact, the thin ﬁlm may be softer or harder than
the substrate. These questions need further discussions in detail.
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